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Abstract. For a unital C*-algebra A, which is equipped with a 
spectral triple {A, H, D) and an extension T of ^ by the com- 
pacts, we construct a two parameter family of spectral triples 
{At, K, Da, 13) associated to T. 

Using Rieffel's notation of quantum Gromov-Hausdorff distance 
between compact quantum metric spaces it is possible to define 
a metric on this family of spectral triples, and we show that the 
distance between a pair of spectral triples varies continuously with 
respect the parameters. It turns out that a spectral triple asso- 
ciated to the unitarization of the algebra of compact operators is 
obtained under the limit - in this metric - for (a, 1) — > (0, 1), while 
the basic spectral triple {A, H, D) is obtained from this family un- 
der a sort of a dual limiting process for (1, /3) — + (1, 0). 

We show that our constructions will provide families of spec- 
tral triples for the unitarized compacts and for the Podles sphere. 
In the case of the compacts we investigate to which extent our 
proposed spectral triple satisfies Connes' 7 axioms for noncommu- 
tative geometry, [8]. 



Introduction 

The so called Toeplitz algebra, say T, may be obtained in a number 
of different ways. The most simple description of it is possibly as the 
C*-algebra on the Hilbert space £^(N) generated by the unilateral shift. 
A more profound description which relates to analysis, can be obtained 
via the algebra, C := C(T), of continuous functions on the unit circle. A 
function / in this algebra is represented as a multiplication operator, 
Mf on the Hilbert space H := L^(T) of square integrable functions. 
This space has a subspace which consists of those functions in H 
that have an analytic extension to the interior of the unit disk. Let P+ 
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denote the orthogonal projection of H onto then the compression 
to if+ of a multiphcation operator Mf for a continuous function / on 
T becomes the Toephtz operator Tj := P^M f\H^^ and these operators 
form a subspace in the Toephtz algebra such that the Toeplitz algebra 
becomes the direct sum of {Tf | / e C} and the algebra of compact 
operators on In this way the Toeplitz algebra becomes an extension 
of C by the compact operators. The mapping C 3 f Tf relates 
to the differentiable structure on the circle in the way that for the 
ordinary differentiation on the circle with respect to arc length, i. e. 
D :— ^4, we know that the space H< is the closed hnear span of the 



eigenvectors corresponding to non negative eigenvalues for D, so there 
is a strong connection between the differentiable structure on the circle 
and the operator theoretical construction called extension, of C by the 
compacts. In this article we will study this process from a more general 
point of view. Our study is based on Connes' notion of a spectral triple 
which is a way of expressing a differentiable structure in the world of 
non-commutative *-algebras, [7]. 

Definition 0.1. Let A be a unital C*'algehra, H a Hilbert space which 
carries a faithful unital representation n of A and D an unbounded 
self-adjoint operator on H. For a dense self-adjoint subalgebra A of A 
the set (A, D) is called a spectral triple associated to A if 

(i) For all a in A the commutator [ D, 7r(a) ] is bounded and densely 
defined. 

(ii) the operator {I -\- D^)~^ is compact. 

In this article our starting point is a spectral triple associated to a 

C*-algebra A and we want to study some of the possibilities for con- 
structing spectral triples associated to an extension of A by the algebra 
of compact operators on an infinite dimensional Hilbert space. Our fun- 
damental example of a spectral triple is the one coming from the unit 
circle, as described above. This particular example was investigated by 
Connes and Moscovici in [9], where they constructed a spectral triple 
associated to the the Toeplitz algebra for each natural number n in the 
following way. Let S denote the unilateral shift on i. e. for the 
canonical basis for we have Sck — ek+i, and let D+ = —i-^\H+, 
which means that is the positive self-adjoint operator on which 
satisfies -D+Cfc = ke^.. Then the Hilbert space K of the spectral triple 
for the Toeplitz algebra is defined as K = © H^, and the Dirac 
operator Dn is defined via the matrix form 



i d9^ 




D+. 
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In the construction we present in this paper we look at a spectral triple 
{A, H, D) associated to a C*-algebra A and an orthogonal projection 
P onto a subspace of H such that P commutes with and for each 
operator a from A the commutator [P, a] is compact. All of this set-up 
is analogous to the classical spectral triple for the circle algebra, but 
there is, in general, no counterpart to the unilateral shift. This means 
that we have to modify the construction by Connes and Moscovici in 
order to construct a spectral triple associated to the C*-algebra gener- 
ated by the operators {Pa\PH \ a E A} and the compact operators on 
PH. A C*-algebra, obtained this way, is called an extension of A by 
the compacts, and one of the problems we try to solve in this article is 
to find ways to extend a spectral triple associated to a C*-algebra to a 
spectral triple for an extension of that algebra by the compacts. A more 
general question of this sort has been studied by Chakraborty in [6] . In 
that paper he studies compact quantum metric spaces as introduced by 
Rieffel [28], and he investigates the possibilities to generate the struc- 
ture of a compact quantum metric space associated to an extension of 
a C*-algebra which is associated to the given compact quantum metric 
space. In Chakraborty's article he studies a short exact sequence of 
C*-algebras of the type 

^ /C ® ^ ^ ^1 ^ A ^ 0, 

for which the last homomorphism has a positive splitting a : A2 
Ai, and he shows that if there is a compact quantum metric space 
associated to both A and A2, then there exist several compact quantum 
metric spaces associated to the C*-algebra Ai. This set up is more 
general than ours from the point of view of possible extensions, but 
our concern is spectral triples rather than the construction of compact 
quantum metric spaces. Chakraborty offers several applications of his 
construction to known examples, such as the Podles sphere. We show 
that our construction can also be applied to generate spectral triples 
for this example and also for the algebra of compact operators on a 
separable Hilbert space. 

We will, through the entire article, suppose that {A, H, D) is a spec- 
tral triple associated to a unital C*-algebra A, which is a subalgebra 
of B[H). As in the book [16] Definition 2.7.7 and Chapter 5, we will 
study extensions of Toeplitz type. This means that we are interested in 
an orthogonal projection P in B[H) which commutes with A modulo 
the compact operators. One can then define a C*-algebra B on PH as 
the C*-algebra generated by the space of operators {Pa\PH \ a E A} 
in B{PH). For each operator a in ^ we have that (/ — P)a\PH is 
compact, so operators of the form Pa*{I — P)a\PH are compact and 
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- unless P commutes with A - the algebra B will contain non trivial 
compact operators. We will let C{PH) denote the algebra of compact 
operators on PH. In the classical case of the Toeplitz algebra for the 
circle we actually have C{PH) = i3 fl C{PH). In any case, indepen- 
dently of what the C*-algebra i3 fl C {PH) might be we will consider 
the C*-algebra T which is defined as the sum T :— B -\- C{PH). 

Let Q{PH) denote the Calkin algebra B{PH)/{CPH) and let k 
denote the quotient homomorphism, then we can define a homomor- 
phism ip of A into Q{PH) by ip{a) := K{Pa\PH). The extensions we 
will consider are those obtained via the construction described above 
which also have the property that the homomorphism (p is faithful on 
A. We may then define a homomorphism of T onto A as ip'-^ o k, and 
we will say that a projection P in B{H) which satisfies all the prop- 
erties discussed here is of Toeplitz type. We will not study all such 
projections, but restrict our investigations to projections of Toeplitz 
type such that P commutes with the Dirac operator D and satisfies 
the following regularity property 

(1) Va e ^ a] is bounded and densely defined. 

Under these assumptions we will say that the quadruple ((A, if, D), P) 
is of Toeplitz type. 

We would like to remind the reader that for any spectral triple - 
of infinite dimensions - like (^4, H, D) the spectral projection P+ for 
D corresponding to the interval [0, oo[ is a natural candidate for P. 
This follows from the well known fact that the symmetry 2P+ — / 
generates a bounded Fredholm module [3]. In the case P = P+ the 
regularity condition amounts to the assumption that for any a from A, 
the commutator [|i?|,a] is bounded, too. 

We can now describe the general construction, which we will study 
here. So for a quadruple [[A,H,D),P^ of Toeplitz type we define 
the C*-algebra T, as above, a Hilbert space K := PH © H and a 
representation tt of T on X given by the matrix form 



The Hilbert space K = PH ® H decomposes as X = PH © PH © 
(7 — P)H and we can see that the first two summands are exactly 
analogous to the ones appearing in the Connes-Moscovici construction. 
We have tried to follow their idea, but our analysis indicates that we 
can not in general give up the information which is encoded in the 
{I — P)H part of the structures, so we will consider K — PH © H 
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rather than PH © PH. On the other hand this opens the possibihty 
to play on the two parts with different weights as the introduction of 
parameters in our proposal for a Dirac operator shows. Since D is 
supposed to commute with P, the regularity conditions imposed make 
it possible to define a family of Dirac operators on K in the following 
way. For positive reals a, (5 such that a(5 < 1 we define an unbounded 
self-adjoint operator Da,,p on K via its matrix: 



The reason for having the parameter a appearing in the form 1/a 
is mainly aesthetical. For instance, the formula giving a distance 
estimate between the non-commutative spaces obtained for two pairs 
of parameters, say (a, /3) and (7, S) becomes by Theorem 3.9 



and in this formula the product fits in as a parameter. 

The reason why the parameters are supposed to satisfy the inequality 
af3 < 1 comes originally from the classical Toeplitz case, where it is 
quite easy to analyze the situation in details. It turns out that for 
this example and a pair of parameters {a, (3) for which a(3 > 1 all the 
aspects of the non-commutative space associated to these parameters 
is already contained in the space given by the parameters P). The 
general case does not work exactly in the same way, but the Remark 
1.10, explains why we think nothing essential is lost, if we just stick to 
the region in the parameter space where afi < 1. Still another argument 
for the choice of parameter space is that it turns out that the limiting 
process a — * behaves uniformly nice on the set of parameters where 
P > Po- For the convergence {a, 1) (0, 1) we find that it induces a 
convergence with respect to the quantum Gromov-Hausdorff metric of 
the compact quantum metric spaces associated to T for the parameters 
(a, 1) onto that of the unitarized algebra C. Our intuitive description 
of this phenomenon is as follows. We think that the spectral triple acts 
like a microscope where we have a fixed screen to watch, but we are 
allowed to change the magnification. The parameter a is a measure 
of the actual size, say in meters, of the objects we can watch on our 
screen, and then l/« is the magnification factor. When a decreases to 
zero, we loose the sight of the big picture and can only see tiny details 
of very small things. In the end - when a = — our mathematical 
construction can only see the compacts, and they are considered to be 
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the infinitesimals in Connes' dictionary [8] . The precise mathematical 
content of this story is contained in Theorem 4.6. 

The Umit (1,0) is quite easy to understand if you take a 

look at the definition of -Da,/3 just above, and you can see that you get 
the basic spectral triple (^4, H, D) back, but now in a degenerated rep- 
resentation. This is not a limit with respect to the quantum Gromov- 
Hausdorff metric on the associated non commutative spaces, but rather 
a sort of degenerated limit where the compacts i. e. the infinitesimals 
become invisible. We can provide a simple 2-dimensional model of the 
picture we try to present. Look at the unit square [0, 1]^ in and 
equip it with the metric da,j3{{x, y),{s,t)) :— a\x — s\ + 1/ P\y — 1\, then 
the limit (a, 1) (0, 1) gives the unit interval {(0, y) | < y < 1} with 
its standard metric as the limit in the Gromov-Hausdorff metric. For 
(1, /5) — > (1,0) there is no limit of this sort but we get - pointwise - a 
degenerate metric di^o on the unit square as a limit. This degenerate 
metric is given by the formula 



In the first version of the article we considered this limiting process 
as a sort of deformation, but we have been told by several people that 
we do not deform a product, so the wording is wrong. By looking into 
the literature on metric spaces associated to Riemannian structures we 
have found that the limiting processes we are watching may be consid- 
ered as degenerations of metric spaces, so the title has been changed 
accordingly. Usually this sort of degeneration of Riemannian structures 
is studied under some assumptions on boundedness of curvature dur- 
ing the process [4, 5, 15], but this last aspect of degeneration of metric 
structures does not apply to our results, at least for the time being. 

On the other hand we still think that the limiting process 
(1,0) - in the case where the algebra A is commutative - offers a way 
of describing a passage from a non-commutative compact metric space 
into a commutative compact metric space. The equation (2) indicates 
that a better description of the degeneration occurring while [3-^0 
might possibly be; a passage from a non- commutative space to an in- 
finite collection of disjoint identical copies of the same commutative 
space. 

After we had posted the first pre-print version of this article on the 
arXiv, we were informed by Hanfeng Li, that our constructions can 
work in the settings of David Kerr's, [17], and his own, [22], and the 
one from their joint work, [18], where the quantum Gromov-Hausdorff 
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metric is extended in a way which is based on the operator space struc- 
ture of the given algebra. The introduction of the state spaces of the 
tensor products of the given algebra by the algebras of n x n complex 
matrices into the definition of a compact quantum space, is to be able 
to describe certain aspects of order in more details. We have chosen 
not to expand the present paper and hope that these results of Li's 
some day will find a suitable place to be presented. 

Near the end we give a couple of examples and show that our method 
creates an abundance of spectral triples for the unitarized compact op- 
erators on a separable infinite dimensional Hilbert space. Then we 
show that the method, when applied to the unit circle and the clas- 
sical differential operator 4^, gives a spectral triple associated to the 
classical Toeplitz C*-algebra. Based on this spectral triple we can then 
by a slight modification of our method obtain a spectral triple for the 
Podles sphere. Unfortunately we can see no relations between our con- 
structions and the ones presented in [10] and [11]. 

At the very end we present some small comments on the relations 
between the constructions in this article to the concepts of even and odd 
spectral triples and to analytic K-homology as described by Higson and 
Roe in their book [16]. It may be that further assumptions or conditions 
on the starting spectral triple may be used to give a basis for a more 
detailed study of such relations. In this paper we have been focusing on 
the quite general degeneration aspects of the extended spectral triples. 

We are most thankful to the referee who has pointed out some prob- 
lems in the first version of the article, and he has also suggested several 
possibilities for improvements. Among the questions he asked is the 
question on how the spectral triples constructed here relate to the 7 
axioms for non-commutative geometry which Connes lists in the arti- 
cle [8]. To answer this question we have studied this question for our 
examples involoving the Toeplitz algebra and the unitarized compacts. 
The Toeplitz case seems not promising at all with respect to this inves- 
tigation, so we have not included any comments on this aspect for the 
Toeplitz algebra. For the compacts we do check all the axioms, and 
we show that we can meet some, whereas for others we can not decide, 
but for the so-called reality axiom we get one of the signs wrong. 

1. A FAMILY OF SPECTRAL TRIPLES ASSOCIATED TO AN EXTENSION 

We will keep a C*-algebra A with an associated spectral triple 
{A,H,D) fixed during the whole article and moreover suppose that A 
is a concrete C*-algebra acting on the Hilbert space H. As stated in 
the introduction, we will assume that we have a projection P in B{H) 
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of Toeplitz type and study an extension T of .4 by the algebra C{PH) 
of compact operators on PH. It should be remarked that we do not 
assume that the algebra of compact operators C{PH) is contained in 
the C*-algebra B generated by operators of the form Pa\PH, and in 
particular we can also study the situation where P commutes with 
A. We will collect the definitions from the introduction in a formal 
definition. 

Definition 1.1. Let A be a unital C*-algebra on a Hilbert space H and 
let 

{A, H, D) be a spectral triple associated to A. A projection P in B[H) 
is said to be of Toeplitz type for {A, H, D) if 

(i) The projection P commutes with D. 

(ii) The projection P commutes modulo the compacts with A. 

(iii) The homomorphism ip of A to the Calkin algebra Q(PH), de- 
fined by V9(a) := Pa\PH + C{PH), is faithful. 

For such a triple and a projection P of Toeplitz type we define the 
Toeplitz extension T of A by C{PH) as the C*-algebra generated by 

{PA\PH \AeA}U C{PH) 

At the end of the paper we construct an example which will give a 
spectral triple for the Podles' sphere. That example is based on a slight 
variation of the construction presented in this paper, and it suggests 
that it might be possible to study extensions of A by a sub C*-algebra 
of C{PH) instead. A generalization of our construction to cover cases 
like this seems possible, but also quite demanding with respect to extra 
details, so we have chosen only to consider extensions by all of C{PH), 
and then just present the other point of view in connection with the 
example for the Podles' sphere. 

Given a projection P of Toeplitz type for {A, H, D), wc assume that 
P commutes with D and by this wc mean that P commutes with all 
the spectral projections of D. From this it follows that the unitary 
S :— P — [I — P) also will commute with D and S will map the do- 
main of definition for D onto itself, ( [24], Proposition 5.3.18.) Hence 
the domain of definition for D splits into a direct sum of its inter- 
sections with PH and {I — P)H respectively. We will need that the 
commutators from the spectral triple respect this decomposition too, 
and this is the basis for the following definition. In the classical case 
where P = P+ this means that we will not only demand that commu- 
tators [D, a] are bounded and densely defined for a in A, but we want 
both [D, a] and [l^l, a] to be bounded and defined on a common dense 
domain. 
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Definition 1.2. A quadruple (^{A, H, D), where P is a projection 
of Toeplitz type for {A, H, D), is said to be of Toeplitz type if: 

(i) For any a in A, the commutators [PD, a] and [(/ — P)D, a] 
are hounded and densely defined and their common domain of 
definition contains two subspaces 

dom([D, a]) n PH and dom([D, a]) n (7 - P)H 

which are dense in PH and {I — P)H respectively. 

(ii) The operator Dp :— D\PH has trivial kernel. 

The properties in tlie definition above seem natural in tlie setting for 
a classical Toeplitz algebra, except for the last one. On the other hand 
that one does not really matter. Let namely N denote the orthogonal 
projection onto the kernel of then N is of finite rank, and since it 
is a spectral projection for it commutes with P and we can replace 
P by P — PN, without disturbing any properties of the extension we 
are studying. The first condition has been imposed in order to be able 
to look at commutators of the form [PD.,a\\PH and their relatives 
with restrictions to {I — P)H and/or PD replaced by {I — P)D. The 
conditions are made such that the lemma below holds. To keep the 
notational problems at a minimum we introduce the conventions that 

Hp:=PH, H,:={I-P)H, 
Pp:=P, P,:={I-P), 
Dp:=DP, Dg:=D{I-P). 

Lemma 1.3. For any a in A and any combination of the symbols s, t, r 

in the set {p, q} 

(3) The closure of (^Ps[D,a]\Htj — Pgthe closure of i^D,a\)\Hf 

(4) The closure of {Ps[DrTa\\H^ — Pgthe closure of (jDr,a\)\Ht 

Proof. We will not prove all these statements but restrict ourselves to 
the relation (3) in the situation where s = p and t = q. The closure of 
the commutator [D, a] is bounded and we will denote its closure by 6{a). 
It is immediate that as operators we have the inclusion P[D,a]\{I — 
P)H C P5{a)\{I — P)H, and in order to show the statement of the 
lemma it is sufficient to show that P[D a]\{I — P)H is densely defined, 
but this is fulfilled by the condition (i) in Definition 1.2. We now 
claim that we can perform exactly the same computations with respect 
to any other combination of the symbols {p, Q'}, and then obtain the 
lemma. □ 
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The effect of the lemma is that we may decompose the commutator 
[D, a] into its matrix parts with respect to the decomposition oi H — 
Hp®Hq, such that each of the 4 the matrix entries of the closure is the 
closure of the corresponding operator-theoretical matrix entry. From 
this follows the lemma just below: 

Lemma 1.4. For any a in A the operators DPpaPq and DP^aPp are 

hounded and everywhere defined. 

Proof. Wc remind you that a product of operators of the form CB 
where C is closed and B is bounded is automatically closed, so if it is 
bounded it must be everywhere defined. □ 

We will now define various maps and a spectral triple associated to 
T. Before we give the definition we would like to mention that its first 
item is legal, due to a general result on ideals in C*-algebras that we 
recall here ([12], Corollary 1.5.6). 

Proposition 1.5. Suppose that X is a two sided closed ideal of a C*- 
algehra A, and that B is a sub C*-algebra of A. Then B + 1 is a 
C*-algebra and 

B/{BnX) ~ {B + I)/X 

is a *-isomorphisms. 

Let now k denote the quotient mapping of B[PH) onto the Calkin 
algebra Q{PH), then the proposition above has the following corollary 
as a consequence. 

Corollary 1.6. For any quadruple ((A, H, D), P) of Toeplitz type with 
associated Toeplitz extension T, the images k{T) and ip{A) in the 
Calkin algebra Q{PH) agree and k{T) is isomorphic to A. 

Definition 1.7. Let ((A, H, D), P) be a quadruple of Toeplitz type as- 
sociated to a C*-algebra A. For the induced Toeplitz extension T of A 

we define: 

(i) A representation p : T ^ BiyH) by p{t) := Lp^^{K{t)). 

(ii) A completely positive unital and injective mapping T : A ^ T 
by T{a) := Pa\PH. 

(in) A projection GofT onto C{PH) by Q{t) := t - T{p{t)). 
(iv) For any x in B{H) and any combination of the symbols s,r & 
{p,q} we define x^j. in B{Hr,Hs) by Xgr '■= Psx\Hj.. 

It should be noted that for an a from A, we have T(a) = Gpp. 

Given a situation as above, we will then define a representation tt 
of T on a Hilbert space K and a family of unbounded self-adjoint 
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operators -Da,/3 on but it is not immediate that we will get spectral 
triples this way, so we start by defining the ingredients separately and 
study some of their properties. 

Definition 1.8. Let ((A, iJ, D), P) he a quadruple of Toeplitz type as- 
sociated to the C*-algebra A and let T denote the induced Toeplitz 
algebra on the space PH. To this quadruple is associated: 

(i) A dense self-adjoint subalgebra Ac of C{PH) defined by 

Ac := {k G C{PH) I Dpk and kDp are bounded } 

(ii) A dense self-adjoint subalgebra At of T defined by 

At := {T(a) + k\ae A, k e Ac} 

(iii) A Hilbert space K defined as the sum 

K -.^PH^H^Hp^Hp^Hq 

(iv) A representation n of T on K defined by 

(v) For positive reals a,f3 a self-adjoint operator Da,i3 is defined 
on K via its m,atrix, which, with respect to the decomposition 
K — Hp® Hp® Hg, is given by 

/ PDp 
Da,p (3Dp iDp 
V 

It may not be obvious that the linear space At is an algebra, but it 
follows from Lemma 1.4. 

We will show that for each pair (q;,/9) we will get a spectral triple 
for the Toeplitz extension T of A, induced by the projection P. This 
will be an odd spectral triple and it is possible - via a standard trick 
- to obtain an even triple instead. But from the point of view we are 
studying here, namely the variation of the compact quantum metric 
spaces with respect to the parameters a and j3 we do not get any 
changes if the investigation is performed with the odd spectral triple 
described above or an even one. 

The properties of a quadruple of Toeplitz type now come into play 
and it helps us to split a commutator [Dq,,/3, 7r(t)] for a t in ^4^ into its 
matrix parts. 

Lemma 1.9. For a in A and k in Ac and positive reals a, /3 with aP < 1 
the commutator [Da,/3, 7r((T(a)+A;)] is bounded. For each matrix part of 
the closure of this commutator, with respect to the decomposition K — 
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PH © PH (B {I — P)H, the element is the closure of the corresponding 
matrix part of the algebraic commutator. 

Proof. We will do the computations where they are defined purely al- 
gebraically, then show that each matrix entry is bounded and densely 
defined and then conclude that the closure of the commutator is the 
closure of the operator composed of the matrix entries. The reason 
why this is possible is the regularity assumptions and the Lemma 1.3. 



(5) 



[D^,p,7r{T{a) + k)] 

pDp 












T{a) + k 
T(a) 
a„ 



"pq 



(3 [Dp,T{a)] + Dpk 



qp ^qq y 

[Dp, T(a)] - kDp DpGpg 






The lemma follows. 



□ 



Remcirk 1.10. The idea in the setup of the commutator 

[D^,fS,7r{T{a) + k)] 

is that it shall reflect both of the given commutators [Dp, k] and [D, a] 
in such a way that a variation of the parameters a and /3 will reveal 
information on each of these parts separately. Since 

[Dp,T{a)] = P[D,7T{a)\PH we get 

||pp,r(a)]|| < ||[D,7r(a)]|| and then for < 1 

P\\[Dp,T{a)]\\<h[Dp,T{a)]\\<h[D,n{a)]\\ 

a a 

Hence for aP < 1 the term (3[Dp,T{a)] will not be of significance and 
then we see from (5) that in this case we will have 

l||[A7r(a)]|| <1 and m3xi3{\\Dpk\\,\\kDp\\} < 2 if 
\\[D^,0,n(T(a) + k)]\\<l. 



EXTENSIONS AND DEGENERATIONS OF SPECTRAL TRIPLES 



13 



We will then impose the condition a(3 < 1 in all of our future state- 
ments, and this also fits nicely with the results of Theorem 3.9 which 
indicate that the product a(3 is a relevant parameter. 

Proposition 1.11. For any pair of positive real numbers a, /3 such that 
a(5 < 1 the tuple 

is a spectral triple associated to the C*-algebra T. This extended spectral 
triple is s—summable if and only if the given one is s-summable. 

Proof. Having the Lemma 1.9 we just have to prove that each Da,p has 
compact resolvents, but that follows immediately from the definition 
of Da^p. Since P commutes with the spectral projections for D, each 
eigenspace Hx^ for D decomposes as an orthogonal sum PH^. © (/ — 
P)Hx. and we can find an orthonormal basis for PH, say (e,), consisting 
of eigenvectors for Dp, plus an orthonormal basis for {I — P)H, say (/,), 
consisting of eigenvectors for Dg. If Cj is an eigenvector corresponding to 
the eigenvalue A^, the operator Da,i3 will have an invariant 2 dimensional 
subspace of the form {{zei, wei, 0) | ^, w e C } in the decomposition of 
K. The eigenvalues of Da,p on this space are determined by the 2x2 
matrix 



M{a,P) : = 




such that the eigenvalues become Aj times the eigenvalues of M{a, (3). 
For an eigenvector fj for Dg corresponding to an eigenvalue /ij this 

vector becomes an eigenvector for -Dq,/3 corresponding to the eigenvalue 
Hj/a. Let now s denote a positive real and we see that we get the 
equality below 



Tr(|D,,^|-^) =Tr(|M(a,/3)|-)Tr(p,|-) + «^Tr(|D,|-^) 
and the proposition follows. □ 



While we are at such matrix computations we remind you that for 
positive real numbers a,f3,'y,S, Hilbert spaces L,M,N and bounded 
operators v G B{M,L), x e B{L,M), y e B{M), z e B{N), we can 
obtain the identities below with respect to some operator matrices on 
Hilbert sum L®M®N. 
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\ 





.A/ 



V ^j) 



and by (5) we can conclude as stated in the following lemma. 

Lemma 1.12. Let a he in A, k in Ac and a, /5, 7, 5 positive real numbers 
such that a(5 < 1 and ^5 <1. For t :— T{a) + k : 

II [i?a,/3, 7r(i)] II < maxj-, ^ j \\ 7r(i)] || . 
We will use this result heavily in the computations to come. 

2. The family of compact quantum metric spaces {Ar-, La^p) 

For a spectral triple (A, i7, D) associated to a unital C*-algebra A, 
Connes has showed that it is possible to define a metric on the state 
space S{A) of A by the following formula 

(8) V(/),V' e S{A) : dist^((/),V) :=sup{|(0-V)(a)| | || [D,a] || < 1 }. 

A metric defined in this generality is allowed to be infinite, but here we 
are mostly interested in spectral triples which have the extra property 

that the metric defined above is an ordinary metric, which also is a 
metric for the w*-topology on the state space. This aspect of non 
commutative geometry has been studied in several articles by Marc 
Rieffel [26] and references there. Rieffel has generalized this set up 
to what he calls compact quantum metric spaces. Here the algebra 
A of the spectral triple is replaced by an order unit space and the 
Dirac operator is not directly present, but replaced by a seminorm L 
on A. In the case where a spectral triple is present the seminorm is 
given by ^4 9 a — > L{a) := || [D,a\ \\. Our investigation will not be so 
general here, since we will only study degenerations of spectral triples 
as constructed in the previous section. On the other hand we will base 
our results on Rieffel's memoir [27], and we will use the language from 
that memoir to quantify the impact of the changes of the parameters 
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a and (3. We will now recall some definitions and results from that 
memoir. 

Definition 2.1. An order-unit space is a real partially ordered vector 
space, A, with a distinguished elements (the order unit) which satisfies: 

(i) ( Order unit property) For each a & A there is an r & M. such 

that a < re. 

(ii) (Archimedean property) If a E A and if a < re for all r E M. 
with r > 0, then a < 0. 

The norm on an order-unit space is given by 

||a|| = inf{r e R : —re < a < re}. 

Any order-unit space can be realized as a real linear subspace of the 
vector space of self-adjoint bounded operators on a Hilbert space in 
such a way that the order unit is the unit operator I. 

Definition 2.2. Let {A,e) be an order-unit space, and its dual. A*. 
The state space S{A) is defined to be the collection of all states, /i, of 
A, i.e. fi E A* such that yu(e) = 1 = 

Consider now a seminorm L on the order-unit space {A, e) having 
its null-space equal to the scalar multiples of the order unit. Then, for 
IJ>,iy E S{A) one can define a metric, pl, on S{A) by 

u) := sup{|//(a) - u{a)\ \ L{a) < 1}. 

In absence of further assumptions, may be infinite. It is most 

often true that the p-topology on S {A) is finer than the weak*-topology. 

Definition 2.3. Let {A, e) be an order-unit space. A Lip-norm on A 

is a seminorm L on A with the following properties: 

(i) For a E A we have L{a) = if and only if a E Me. 

(ii) The topology on S{A) from the metric pi is the weak*-topology. 

Definition 2.4. A compact quantum metric space is a pair {A, L) con- 
sisting of an order-unit space A with a Lip-norm L defined on it. 

In our context we have four C*-algebras C{PH), A, T, and the 

unitarization of the compacts which we define by C :— C{PH) :— 
C{PH) -\- CIpH- We will now define the order unit spaces and associ- 
ated Lip-norms, which we will study. 

Definition 2.5. The order unit spaces Ac, A^, Ar are defined by: 

(9) Ac -.^ {k + XI \ X eR, k ^ k* E Ac} Definition 1.8 

(10) := {a e A I a = a* } 

(11) Ar := T{AjO + Ac ^ {t E At\t ^ t* } 
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Definition 2.6. The seminorms Lc,Lj\^ and La,p on Ac^Aj^ and Ar 
are defined by 

(12) VA; e Ac n C{PH) VA e R : Ldk + XI) := \\Dpk\\. 

(13) Va e : L^(a) := || [D, a] \\ 

(14) yteAr: L^,p{t) := || [i?a,/3, 7r(t)] ||. 
(15) 

The corresponding Minkowski sets or unit balls are defined by 
Definition 2.7. 



(16) 


Uc 


:= {x e Ac 


Lcix)<l} 


(17) 


Ua 


:= {a e Aa 


1 LAa) < 1 } 


(18) 


Ua,l3 


:= {t e At 





The associated metrics are given by 

Definition 2.8. 

(19) 

yf,geS{CiPH)): d\stcif,g) := snp{\fik)-gik)\\keUc} 

(20) V/i, u G S{A) : dist^(/i, z/) := sup{|/i(a) — z^(a)| | a G t/4 } 

(21) V0,^g5(T): dist„,^(0,^) := sup{|0(t) - ^(t)| | i G C/(„,;3) }. 

r/ie diameters of these spaces, which may take the value 00, are denoted 
diamc, diam_4 and diam„ ^ respectively. 

Let X denote any of the 3 subscripts C, A, (a,/5), then it follows 
from [28] that the metric distx defined above is a metric for the w*- 
topology on the corresponding state space, if and only if the set Ux 
is separating for the state space, and the image of Ux in the quotient 
space Ax/i^I) is relatively norm compact {Aa^p '■= At). Wc start by 
showing that Lc is always a Lip-norm and then we show that any L^,/} 
is a Lip- norm if L^. is so. 

Proposition 2.9. The seminorm Lc is a Lip-norm. 

Proof. Let us first prove that Uc will separate the state space of C{PH). 
To this end we remind you that the spectrum of Dp is discrete and Dp 
has a compact inverse (on PH) , since it has a trivial kernel. Let then 
h :— Dp^ and it follows that the set {hyh \ y G B{PH) and y = y*} 
is contained in Ac fl C{PH). Since h is sclfadjoint with trivial kernel ( 
in B[PH) ) this set is norm dense in the self-adjoint part of C{PH), 
and it follows that the set {hyh \ y G B{PH) and y = y*} separates 
the states and that Uc will do too. 
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Let us define := {k e Ac n C{PH) \ \\Dpk\\ < 1}, and we will 
prove that this set is norm compact. Prom here it will follow directly 
that Uc/{MI) = ([/(S + is norm compact. 

To see that Uq is norm compact we will let e denote a positive real 
and recall that h is compact, so there exists a finite dimensional spectral 
projection E for h such that \\h{I — E)\\ < e. For a, k in we then 
have 



Then for the set wc get = U^{I-E) + {I-E)U^E+EU^E, where 
each operator in either of the first two summands is of norm at most e 
and the set EUqE is the unit ball for some norm on the finite dimen- 
sional space B{EH). It then follows that is relatively norm compact. 
To see that it is norm closed, we consider a sequence (A;„) of elements 
from which converges in norm to a compact self-adjoint operator 
k. For any spectral projection E of Dp corresponding to a bounded 
interval of the real numbers we have that the sequence {DpEkn) is 
norm convergent with limit DpEk, and we see that < 1, and 

therefore k belongs to U^. 



We will end this section by showing that each of the seminorms La,p 
is a Lip-norm if the scminorm L_4 is a Lip-norm. This leads to a detailed 
study - in the next section - of the two parameter family of compact 
quantum metric spaces, {Aq-, La^p)- On the other hand we already now 
need some estimates on the relations between the various seminorms 
in order to prove that dist^,/? generates the w*-topology, if dist^ does 
so. 

Lemma 2.10. Let a, (3 he positive reals such that a(3 < 1, k a compact 
operator in Ac and a an operator in A^ then t — k + T{a) is in Ar 
and 



\\k{I-E)\\ = \\kDph{I- 
and since k is self-adjoint 
\\iI-E)k\\ < 8. 



E)\\ < e\\kDp\\<s. 



□ 



(22) 



L^(a) < aLa,i3{t) 



(23) 



Lc{k) < — - — 



Proof. The first inequality follows directly from (5) and properties of 
norms of matrices. For the second inequality we use again (5), the 
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result in the first inequality and the triangle inequality to obtain 
(3Lc{k) < L^At)+P\\ [Dp,na)]\\ < L^,p{t) + l3Lj,{a) 

and the lemma follows. □ 

Proposition 2.11. //L^ is a Lip-norm, then for each pair of positive 
reals (a,/?) such that aj3 < 1 the seminorm La,/3 is a Lip-norm. 

Proof. To see that Ua^p/i^I) is relatively norm compact we turn back 
to Lemma 2.10, which implies that for at — T{a) -\- k in Ua^p we have 
that 

a e aU^ and k e — - — Uc, 

SO 

(24) U^^p C aT{U^) + ^-^Uc 



and 



Since dist^ generates a metric for the w*-topology on S{A) the set 
C/4/ (ffi/) is relatively norm compact in Aj^/ (M/), and from the proof of 
Proposition 2.9 we know that that Uc/{^I) is a norm compact subset 
of Ac/{M.I) so we find that Ua,i3/{^I) is a relatively norm compact 
subset of Ar/(MJ). ' □ 

In the recent article [26] Rieffel studies Lip-norms which satisfy some 
extra conditions, which he needs in order to show certain results on 
convergence in the space of compact quantum metric spaces, equipped 
with the quantum Gromov-Hausdorff metric. The new seminorms are 
called C*-seminorms and it seems most likely that the seminorms wc 
study may possess most of the properties which a C*-seminorm is re- 
quired to have. We will not recall all of the definitions from [26], but 
just recall that one of the properties is that such a seminorm is de- 
manded to be lower semicontinuous. In our context this means that 
the set {t e Ar \ ||La^^(t)|| < 1} is norm closed. It seems quite unlikely 
to be the case here since we have imposed some regularity conditions in 
Definition L2. on the set ^4^. This means that already the seminorm 
L_4 will probably not in general be lower semicontinuous. On the other 
hand we might extend such a seminorm to a larger subalgebra of T 
and in this way obtain a lower semicontinuous seminorm, but then it 
seems difficult for an operator t in the extended domain for Lq,,/? to 
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control the behavior of the matrix matrix parts of the commutators of 
the form t\. 

We are very thankful to Hanfeng Li, who has showed us, how it is 
possible to prove that the seminorm L^^js has the two other properties of 
a C*-seminorm named spectral stability and strongly Leibniz, provided 
the original seminorm L_4 has these properties. On the other hand 
it seems that the regularity conditions, we have imposed, may be in 
conflict with the possibility for to be spectrally stable. Mainly 
inspired by the classical case we have the impression that the difficluties 
of this type may be avoided if we restrict our construction to the special 
case, where the domain of definitions for the seminorms, AJ^^ and ^47- 
are only the smooth elements as defined by Connes in his smoothness 
axiom of [8]. We will present and discuss this axiom in Section 6. 

3. The compact quantum metric spaces associated to T 

In this section we will suppose that the seminorm is a Lip-norm, 
and then by Proposition 2.11 all the tuples {ArjLa^/i) are compact 
quantum metric spaces. This means that the metric spaces 



arc cqTiipped with the w*-topology and hence they are ordinary com- 
pact metric spaces. It seems natural to compare these metric spaces by 
obtaining Lipschitz estimates between any pair of two metrics. Based 
on the Lemma 1.12 we can quite easily obtain such results, which we 
present just below. The spaces we are studying are not only compact 
metric spaces but also compact quantum metric spaces and RicfTcl has 
in the memoir [27] developed a distance concept for such spaces called 
the quantum Gromov-Hausdorff distance. This last concept of distance 
is based on the Hausdorff metric on the closed subsets of a compact 
metric space. Gromov has extended this idea and introduced a dis- 
tance function defined on pairs of compact metric spaces, and finally 
Rieffel [27] has extended Gromov's ideas to cover the case of compact 
quantum metric spaces. We will return to this definition shortly, but 
first we will treat the Lipschitz estimates between a pair of metrics 
dista,/3and dist(-y,5) on S{T). 

Proposition 3.1. For any positive reals a, (3,^,5 such that a(5 < 1, 
7(5 < 1 and any t in Ar 



{(5(r),distc,,^)|0<a/3<l} 



mm 
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Proof. We will only prove the right inequality, since the left then follows 
by symmetry. As usual we have a decomposition of t in Aq- as the sum 
T(a) + k with a in A^x and k m AcO C{PH). When going back to the 
definition in (14) we get 

and from the results of Lemma 1.12 we then get 

□ 

The results of Proposition 3.1 may be applied to the metrics distQ,,/3 
and we can obtain the following proposition. 

Theorem 3.2. Let a, f3, 7, 6 be positive reals such that aj3 < 1 and 
57 < 1, then the metrics distaA'i ') ^'^^ dist^,5(-, •) on S{T) are Lips- 
chitz equivalent and satisfy the following inequalities 

V0,'0 eS{T): mini -, — — } dist„,^(0, V') < dist^^s{<P,'4') 
\^ a 70 J 

< J dist„,/3(0, V')- 

Proof. The Proposition 3.1 shows that with the notation from Defini- 
tion 2.7 we get 

"^^n a' ^ / - - "^""1 a' ^ / 

The theorem then follows from the definition given in (21). □ 

We have now seen that any two metrics in this two parameter family 
of metrics on 5'(T) are Lipschitz equivalent, and it follows from this 

that we can deduce estimates of the distance with respect to a quan- 
tum Gromov-Hausdorff metric between the compact quantum metric 
spaces {Ar,LaA {^t,L^,s)- 

Wc shall first review, briefly, the Gromov-Hausdorff distance for com- 
pact metric spaces and Rieffel's quantum distance for compact quan- 
tum metric spaces. We use as references [22] and [27]. For any closed 
subset y of a metric space {X, p) and r > 0, we denote: 

U^{Y) := {x e X : 3y e y with p{x, y) < r}. 
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Let S denote the class of all non-empty closed subsets of X. The 
formula, 

yY,Z eS: dist^(F, Z) := mi{r : Y C J\fP{Z) and Z C A/'/'(F)}, 

defines a metric (called the Hausdorff metric) on S. One can also use 
the notation dist^ (Y, Z) when there is no confusion about the metric 
on X. 

Gromov generalized the Hausdorff distance to a distance between 
any two compact metric spaces X, Y as follows 

distGH(^,>') := mi{dist^{hx(X),hY{Y))\hx : X ^ Z, hy '.Y ^ Z 
are isometric embeddings into some compact metric space Z}. 

One can reduce the space Z above to be the disjoint union X JIY, 
and we shall denote with 'D^X, Y) the set of all distances p on X 11 y 
fulfilling that the inclusions X,Y X JIY are isometric embeddings. 
It is then true that 

distGH(^, Y) := inf{dist^(X, Y) : p E V{X, Y)}. 

Let A be an order-unit space. By a quotient {B, it) of A, we mean 
an order-unit space B and a surjective linear positive map n : A ^ 
B preserving the order-unit. Via the dual map n* : B* ^ A*, one 
may identify S{B) with a closed convex subset of S{A). This gives 
a bijection between isomorphism classes of quotients of A and closed 
convex subsets of S{A). If L is a Lip-norm on A, then the quotient 
seminorm Lb on B, defined by 

Lb(6) := inf{L(a) : 7r(a) = b} 

is a Lip-norm on B, and vr* \s{b)'- S{B) — > S{A) is an isometry for the 
corresponding metrics pl and pig- 

Let {A, La) and {B,Lb) be compact quantum metric spaces. The 
direct sum A^B has naturally the structure of an order unit space with 
order unit (e^, e^). We will let M^La, Lb) denote the the set of all Lip- 
norms L on A(BB that induces La and Lb under the natural quotient 
maps A (B B A and A (B B B. For an element L in Ai{LA, Lb) 
with the associated metric pl on S{A Q) B), it is then possible to con- 
sider both of the compact metric spaces {S{A), pL^) and {S{B), pLg) as 
compact subsets of the compact metric space {S{A © B), pi), and one 
can then compute the usual Hausdorff distance between them. This 
distance is denoted dist^(5'(A), We can then define a metric 

on compact quantum metric spaces as follows. 
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Definition 3.3. Let {A, La) and {B,Lb) be compact quantum metric 
spaces. Then the quantum Gromov-Hausdorff distance between them is 

denoted 

(iisiq[A.i B) and it is defined by 

dist,((A^A),(5,i^B)) := iTil{6.ist'j^{S{A),S{B))\L e M{La,Lb)]. 

Li gave in [22] the following description of the Gromov-Hausdorff 
distance. 

Proposition 3.4. Let (^4, La) and {B, Lb) be compact quantum metric 
spaces. Then we have 

dist,{{A,LA),{B,LB))=M{d[stUhA{S{A)),hB{S{B))) : 

hA,hB are affine isometric embeddings of 
S{A), S{B) into some real normed space V}. 

This tells us that the quantum Gromov-Hausdorff distance between 
two compact quantum metric spaces (^4, La) and {B, Lb) always will be 
larger or equal to the Gromov-Hausdorff distance between the compact 
metric spaces {S{A), pi^) and {S{B), pL^). 

Besides Rieffel and Li, there are by now several mathematicians who 
have published articles on convergence and estimates of distances be- 
tween compact quantum metric spaces and even incorporated the extra 
structure coming from the theory of operator spaces into their research 
[17], [21], [30] and we have found this very stimulating for the present 
work. 

We will now use the results of Proposition 3.1 to compute estimates 
for the distance between a pair {Ar, La^p) and {Ar, L^^s) of compact 
quantum metric spaces. Our construction is based on Rieffel's concept 
called a bridge, but we could not get his concept to fit exactly into 
our frame, so we have modified it a bit and incorporated the idea of a 
bridge into the proof of the following proposition. On the other hand 
our situation is much simpler than the general situation, considered by 
Rieffel, since the order unit space is kept fixed as Ar- 

Proposition 3.5. Let A be an order unit space and let Li and L2 be 

two Lip-norms on A for which there exist positive real number s < r 
such that 



\/a & A : sL2{a) < Li{a) < rL2{a). 
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Define L3 := {1/ y/rs)Li, let dista, dist2 be the metrics induced by 
L3, L2 and let diama, diam2 denote the diameters of the compact met- 
ric spaces dista), (^'(^l), dist2) then 

dist5((^, L3), (^4, L2)) < - 1^ min{diam3, diam2}. 

Proof. We first fix an arbitrary base point, which in this case means 
a state a on A, and then we let M denote an arbitrary positive real. 
Later in the argument we will let M increase unlimited, so you may 
think of M as a big positive real. We will let R denote the positive 
real which is defined by 

R:- ^ 



'T — y'S 

and we can then define a seminorm L on A(B Ahy 



ya,be A: 

L(a,b) := max{ L-i{a), L2(6), RL^{a-b), RL2{a-b), M\a{a-b)\}. 

Since L is defined as a maximum over seminorms, it follows that L is 
a seminorm on A (B A. If L(a, 6) = then since L3 and L2 are Lip- 
norms we see that a — al and b — (51 for some real numbers a, (3 and 
finally (7(0 — 6) = implies that a — (3,so (a, b) — a{I, I) and the first 
condition for L being a Lip-norm is established. We will of course also 
show that L belongs to Ai^L^, L2), and we will address the question of 
whether L induces L3 and L2 on the summands first. Let us start by 
looking at the first summand and L3 first. We then define the following 
sets. 

Ul := {(a, b)eA®A\ L{a, b) < 1} 
Ul\a :^ {aeA\3beA: {a,b) e Ul} 
U2 :^ {beA\ L2{b) < 1} 
Us -.^ {aeA\ Ls{a) < 1} 

In order to prove that L induces L3 it is sufficient to prove that U — 
U3, so we will do that. By definition L{a,b) > 1/3(0) so for any pair 
(a, 6) G Ul we have a e Us, and then Ul\a ^ U3. To cstabhsh the 
opposite inclusion we choose an a G f/3 and construct a suitable b 
such that (a, 6) is in Ul- It is a matter of checking to show that the 
element b in A defined by b := ^ sjra -|- (1 — ^/sJr)a{a)I will do. 
The situation for the second summand is very similar, and it turns 
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out that for any b in A such that ^2(6) < 1 we can define a in A by 
a :— ^ sjrh + (1 — \fsjr)a{}))l ^ and then L(a, 6) < 1. 

The scminorm L is defined on all of A ® A so the set C/l will be 
separating for the states ow A® A. 

We then just have to prove that the set f/L/(]R(J, /)) is relatively 
norm compact in the quotient space {A © A)/(]R(/, /)). Let a denote 
the state on A® A given by d-{a,b) :— a{a), then it is standard to 
deduce that Ul/{W{I,I)) is relatively norm compact if and only if the 
set := {{a,b) E U \ a{a, 6) = } is relatively norm compact in A® A. 
This implies that we may define two relatively norm compact sets in A 
by [/(3,a) {a e I (7(a) = 0} and [/(2,a,M) := {beU^\ \a{b)\ < M}. 
For these sets we find that Ua C [/(3,cr) © U(2,a,M) ^^e metric pl 
generates the w*-topology on S{A © A). 

We can now use this metric to get an upper estimate for the quantum 
Gromov-Hausdorff distance and we find that for any state (/) on A 

pz,((0,O),(O,0)) = sup{\<P{a-b)\\{a,b)eUL} 

< sup{| ((/) -a){a-b)\\{a,b)eUL} + ^ 

f diams diam2 1 1 1 1 

- "^^n ^ / + M' '''''' - ^ R^' ^ R^' 

By letting M grow we conclude that 

distq((74, L3), {A, L2)) < [\/r/s — min{diam3, diam2 }. 



and the proposition follows. 



□ 



Remark 3.6. In connection with the proposition above it may be rele- 
vant to note that the diameters diam2, diam3 relate in a reciprocal way 
as the corresponding seminorms, so we have 

\/s/r ■ diam3 < diam2 < \frjs ■ diam3. 

The special case where the seminorms Li and L2 are proportional is 
taken out corollary. 

Corollary 3.7. Let A be an order unit space with a Lip-norm L. For 
any positive real t : 

distq( L), {A, tL)) < \l-l/t\ diaxn^A,L). 

Proof. Suppose t > 1 then for the Lip-norm N :— t^L we have L < 
N < t^L. The proposition then applies with s = 1 and r — t^, so 
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for tL = (l/y/sr)N we get by the Remark 3.6 and the use of the min 
option in Proposition 3.5 

distg{{A,L),{A,tL)) < - l) dianiii 

= {t- l)dmmtL 
= (1 — i~^)diami. 

For i < 1 and N = t'^L we get t'^L < N < L and then 

distq( (A, L), {A, tL) ) < {r^ - l)diami. 

□ 

The corollary above suggests that it could be interesting to see what 
will happen for t increasing to infinity, so we will include such a result. 

Proposition 3.8. Let {A, L) he an order unit space with a Lip-norm, 
and let (M, 0) he the one point order unit space with Lip-norm equal to 
0. For any positive real t we have the estimate. 



distg((A,iL), (R,0)) < 



diam(A,L) 



t 

Proof. We choose and fix a state a 0T^ A and let M denote a hig positive 
real. We can then define a seminorm on ^4 © R by 

Lt(a, s) := max{tL(a), M\a{a) ~ s\} 

It is easy to check that induces the seminorms tL on A and the zero 
seminorm on M. The order unit space M has exactly one state which 
we denote by ■0- For a state on A we can estimate as follows. 

dist^^((0,O), (0,V')) 
= sup{|0(a) — s| I I/t(a, s) < 1 } 

1 

< sup{|0(a) — cr(a)| | tL{a) < 1 } + sup{|(T(a) — s\ | |cr(a) — s| < — } 

^ diam(A,L) J_ 
- t M' 

The proposition follows. □ 

We can then combine some of the results just obtained with Propo- 
sition 3.1 to obtain estimates on the variation of the compact quantum 
metric spaces (Ar, L^^p). In this connection we will let diam^^^ denote 
the diameter of this space. 
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Theorem 3.9. // a, /3, 5, 7 are positive reals such that a/S < 1 and 
7(5 < 1 then: 



( ja(5 7^1 ^ 
Proof. Inspired by Proposition 3.1 we define 



diam, 



7 a/32 
s := mm < — , 



r := max< — , 



7 a/?2 



a' 7^2 J 1^ a' 752 

then we get 

e Ar : sL^,5(t) < L^^p{t) < rL^,s{t)- 

In the notation from Proposition 3.5 

r ( aP 7/3 

- = max<^ — , — 
s 1^ 70 ao 

so we have the estimate 

dist,( {At, L^,s), {At, iS/P)L^,p) ) 
a P 7 (5 



= - and 
rs p 



We can then use Corollary 3.7 and the triangle inequality to get 
distq ( {Ar, L^,s) , {Ar, La,p) ) 



< max 



a (3 7 5 
7^ ' q;/3 
and the theorem follows. 



- 1 



1 - 



diam, 



□ 



4. On limits of {Ar, La,p) 



In this section we will keep the set-up from last section so we can 
continue our investigation of the family of compact quantum metric 
spaces {Ar,Lci^p) and study the limiting processes a = 1, /3 and 
Q! ^ 0, /? = 1. There are limits in both cases, but they are of different 
nature. In the first case the expression Li q has a an obvious meaning 
and it follows from (5) that this will be a seminorm on Ar- This semi- 
norm will be degenerate because its kernel will contain all of C{PH), 
but on the other hand you can obtain the seminorm directly from 
Li^Q, so we recover all the ingredients of the original spectral triple via 
this limit process. For the family {a, 1) with a decreasing from 1 to 
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there is no sort of a limit on tlie level of seminorms, since a appears 
in the expression for La^p in the negative power 1/a, but this does not 
affect the convergence of the corresponding compact quantum metric 
spaces since we prove that the spaces {Aq-, converge to {Ac, Lq) in 
the quantum Gromov-Hausdorff metric for a — > 0. We have thought of 
possible interpretations of this result and do offer some remarks con- 
cerning the connection to physics in the text below, but we are not 
trained physicists, so we are reluctant to make too many comments in 
this direction. 

The proofs of the results are based on some structural results on the 
dual space of a unital C*-algebra. Let the dual space of T be denoted 
T*, and we will then define two subspaces M and S of T* by 

M := {<PeT*mC{PH)\\ = 11011} 
S := {c^eT*\\\<P\C{PH)\\ = 0} 

Here the letters A/" and S are chosen because they refer to the terms 
normal and singular functionals on B{H). A priori it is not at all clear 
that jV is a subspace, and we will not prove it here, but recall some 
results of Effros [14] which are presented just below. For details we 
refer to Dixmier's book [13] Proposition 2.11.7. 

Proposition 4.1. With the notation described above, there exist posi- 
tive contractive linear projection operators N : T* ^ J\f and S :T* ^ 
S such that for any 4> in T* 

iV(0) + 5(0) =0 

mm + wsm =\m 

It is easy to identify A/" with the dual space of C{PH) simply by 
restricting a functional in A/" to C{PH). The identification the other 
way goes via the fact that B{PH) is the second dual of C{PH), so the 
canonical embedding of C{PH)* into C{PH)*** induces an embedding, 
say Lc, of C{PH)* onto U. 

The space S may be identified with A* in the following way. The 
identification is made via the homomorphism p : T ^ A, which was 
defined in Definition 1.2. Any functional ji in A* may be mapped into 
S by the composition //op. Since the kernel of p is C{PH), it follows 
that this will be an isometric and order isomorphic mapping of A* onto 
S, and we will denote this embedding t_4. 

As an immediate corollary of these identifications we get the follow- 
ing result. 
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Corollary 4.2. For any state (p in T* there exists a unique pair of 
states f in S{C{PH)) and /i in S{A) and a real a in [0, 1] such that 
= (1 - a)ic{f) + q;m(a^)- 

These structures have been studied and generahzed in [1] , [2] and in 
the language of compact convex sets one would say that the two convex 

sets 

ic{S{C[PH))) and ij^{S{A)) form a pair of split faces of S{T). 

The discussion on how the dual space of C{PH) fits into the dual 
of T can be applied to the situation when C{PH) is considered as a 

subalgebra of C = C{PH) — C{PH)+CI too. In this case we will fix a 
state a from the space S of singular functionals on T and use this state 
as a basis vector for the one-dimensional singular space associated to 



the decomposition of C{PH) = M ® Ca. In the general study of the 
variation of the metrics on S{T) we will use cr as a base point in the 
w*-compact space S{T). 



This limit is very easy to understand from the point of view of com- 
pact quantum metric spaces. It is simply an affine deformation at the 
level of seminorms as it can be seen immediately from the definitions 
1.8 and 2.6. We will then extend that definition to cover the pair (1, 0) 
too, and let -f'(i,o) denote the corresponding seminorm. We can also still 
define the unit ball or Minkowski set f/(i,o) foi' this seminorm by the 
definitions given at (18), and it follows that Ac n C{PH) is contained 
in ^7(1,0)- If is then easy to prove the following result. 

Theorem 4.3. For any a in A_x and k in Aq : 



For states <p,ip on T with = ic{f) + '•a(/^), ip ~ t-dg) + t-Ai^^) the 
distance formula applied to the seminorm Li q gives 



Proof. Since the kernel of -f'(i,o) contains all of Ac, it follows from the 
distance formula (8) that dist(i^o)(0) V") = oo if / 7^ (7. If 7^ ^ and 



f ^ g then ||/|| = \\g\\ < 1 so ||//|| = = 1 - ||/|| ^ 0. Again the 



* 



The limit of {At, Li^p) as P ^ 



L^,p{T{a) + k) ^ Li,o(T(a)+A;) = L^(a) for/? ^0 



(25) 




I if(l) = ip 

« ^f f 7^ 9 

/x||dist^(/i/||/i||,z//||;u||) tf f = g and ji^v 
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distance formula and (5) give right away that 

dist(i,o)(0,^) =sup{|(0-^)(t)| |L(i,o)(t) < 1} 
= sup{ I (/i - z/) (a) I I L^(a) < 1} 
= ||/x||dist^(/x/||/x||,i//||/x||). 

□ 

We can not prove that the metric distances disti,/3(0, ■?/') converge 
to dist(i,o)(0, '?/') for /3 — >• 0, when the latter is finite, unless we have 
a trivial extension, but in the cases where the distance is infinite, i. 
e. when the normal parts, / and g, of the states are different, we can 
always give an estimate of the speed of divergence. 

Proposition 4.4. Let < (3 < 1 be a real and 0, ip states on T with 
decompositions (p = icW) + ''AifJ'), ^ = i-cig) + i-Ai^)- If f ^ 9 then 
there exists a positive real 7 such that 
V/3e (0,1] : dist(i,^)(0,^) >7//3. 

Proof. We will establish a set theoretical inclusion from which the state- 
ment is easy to deduce. 

(26) ^UcnC{PH)CUi,g. 

This inclusion follows from the definitions presented in (16) and the 
computations which lead to (5). We can then see that the proposition 
follows when we define 7 by 

7 := sup{|(/ - g){k)\ \keUcn C{PH) }. 

□ 

Suppose A is commutative and represents some classical system and 
T models a quantization of A, then for a couple of states on T, such as 
(f) and '4) we could look at /, g as their quantum parts and /i, z/ as the 
classical parts. Then it appears that the limit for (i(i,^)(0, ip) exists and 
gives the classical metric, scaled to the size of the classical parts if and 
only their quantum parts are identical. Another attempt to make an 
interpretation is that the inequality in the proposition above, implies 
that in a space where j3 is small, the quantum parts are far apart; but 
we do not want to press this any further right now. 

The Hmit of [At, La,i) as a — >^ 

We realized very early on that the family of compact quantum spaces 
{Ar, La,i) converges pointwise as concrete metric spaces towards 
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{C{PH), Lc) when a decreases to 0, but it took rather long to see 
that this convergence actually also works with respect to the quantum 
Gromov-Hausdorff metric. Before we prove this result we need a simple 
estimate. 

Lemma 4.5. For any positive functional f in the dual space C{PH)* : 
sup{ \f{k)\ \keUcn C{PH) } < ||/||diamc. 

Proof. Let £ > and choose x in Uq H C{PH) such that > 
sup{ \ f{y) \ \ y &Uc r\C{PH) } — e/2. Since x is compact and PH is of 
infinite dimension we can find a positive functional g in C{PH)* such 
that ll^fjl = 11/11 and \g{x)\ < e/2. Hence 

||/||diamc > \{f-g){x)\ > sM\f{y)\\yeUcnC{PH)}-e, 

□ 

Theorem 4.6. For a, (3 positive reals such that a(5 < 1 : 

distg ( (>lr, -t'a,/?) , {Ac,(3Lc)) < a (diam^ + diamc) . 

Proof. We will define a seminorm on L on Ar © Ac which induces 
the given seminorms on each summand. Let a be a state on T which 
vanishes on C(PH) and let M be a big positive real number. We can 
then define the seminorm L. 

Va e Aj^Vk, heAcH C{PH) Vs e M : L((T(a) + k,h + si)) := 

max{ L^aM^ia) + P^dh), -L^(a), -Lc{k - h), M\a{T{a) - sl)\} 

a a 

Let us show that the seminorm induced by L on Aq- is L^pi,i3)- By 
definition we always have L{{T{a) + k,h + si)) > L(^a,p){T{a) + k) so 
it is enough to prove that for a given t = T{a) + k with a in and 
/c in Ac n C{PII) we can find an h m Aq \~\ C{PII) and an s in M 
such that L((T(a) + /c, /i + slj) = L(^a,/3){T{a) + k). We will prove that 
h :— {1 + aP)~^k and s :— a{T{a)) will work. To this end we may 
without loss of generality assume that La^p{T{a) + k) = 1, and then 
by (22) it follows that L_4(a) < a. and by (23) we find that Lc{k) < 
(1 + a(3) 1 13. From here it is easy to prove that L{T{a) + k,h + si) = 1. 
For the seminorm induced by L on Ac we also get by definition that 
L{(T{a) +k,h + si)) > PLc{h). Let then an. h + si be given in in Ac 
and define a := si, k := h, then it is again a matter of computation to 
show that L((T(a) + k,h + si)) = ,0Lc{h). 

We will then show distq(^{Ar, L(^a,f3)), {Ac, Lc) < Q;(diam_4 + diamc) 
by showing that for each positive e and any state on T there exists 

a state t/j on C{PH) such that for the metric pi on the state space of 
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Ar © Ac we have Pl{{<P, 0), (0, ip j) < Q;(diam_4 + diamc) + e, and vice 
versa. 

For a state on T we can write = Lcif) + m(a*) for positive 
functionals / on C{PH) and /x on A. Let / denote the extension - with 

the same norm - of / to C{PH), then the functional ip is defined as 

/+ 1 1// 1 1 (7 on C{PH) and we get the following string of inequalities 

p4(0,o), (0,^)) 
= sup{ |0(r(a) + A;) - ^(/i + s/) | | L((T(a) + k,h + si)) < 1 } 

< sup{ |0(T(a)) - <j{T{a))\ \ L^{a) < a} 

+ sup{ \cr{T{a)) - s\ \ \cr{T{a)) - s\ < 1/M} 

+ sup{ \f{k — h) \ \Lc{k — h) < a} which by Lemma 4.5 

< Q!(diam_4 + diam^) + — , 

Given a state t/j on C{PH) we can write — /+ (1 — 1| / 1| )cr for a positive 
functional / on C{PH) of norm at most 1. Then the functional is 
defined as ic{f) + (1 — on T, and we get as above. 

Pl((0,O), (0,V')) 
= sup{ |0(T(a) + A;) - + sl)\ \ L((T(a) + k,h + sl)) < 1 } 

< sup{ |0(T(a)) - a{T{a)) \ \ L_^{a) < a} 

+ sup{ \cr{T{a)) - s\ \ \cr{T{a)) - s\ < 1/M} 
+ sup{ |/(A; - h)\ I Lc(k - h) < a} 

< Q;(diam_4 + diam^) + — , 

and the theorem follows. □ 

The inequalities just above show, that when a — > then the system 

seems to forget how it was created and only the very basic structure of 
the quantum infinitesimals modelled by C{PH) are left visible. 

5. A QUANTUM METRIC ON THE SET OF PARAMETERS 

V := {{a, P)eR'^\a>0, p>0,aP<l}U {(0, oo)} 

The quantum Gromov-Hausdorff metric on our two-parameter family 
of compact quantum Hausdorff spaces naturally define a metric on the 
parameter space, say V° := {{a, (3) e | q;/5 < 1}, and we want 
to get an impression on the sort of metric space we can obtain this 
way. We have not made a very detailed study of this but we show that 
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some balls in this metric are unbounded with respect to the Euclidian 
distance in R^. We also show, the other way around, that some sets 
which are boTinded with respect the Euclidian metric are unbounded 
with respect to the quantum-metnc. Based on the results in Theorem 
4.6 we realized that it is reasonable to extend the parameter space to 
the space V, defined below. 

V := {{a, P)\a>0,P>0,aP<l}Li {(0, oo)} 
for < /3 < oo : (Aq,/?, Lo,p) := {Ac, PLc) 

(^0,00, -f'0,oo) '■— 0). 

The points we have added are also compact quantum metric spaces, 
and it turns out that they fit in very well with respect to the quantum 
Gromov-Hausdorff metric. 

Proposition 5.1. Let Po > then the subset := {{a, P) E V \ P > 
Pq } is compact with respect to the metric inherited from the quantum 
Gromov-Hausdorff distance. 

Proof. Fix a positive e and define /?! := max{/?o, 2(diam^+diamc)/e}. 
For any pair (a, P) in V with P > Pi we get a < /3f ^ and by Theorem 
4.6 

dist q{{a, P), {0, P)) < Q;(diamyi + diamc) < (diam^ + diam^)//?!. 

By Proposition 3.8 

distg((0, (0, oo)) < diamc/P < diamc/Pi- 

hence it follows that for {a,P) in V with P > Pi this point is in the 
ball of radius e with centre in (0, oo). We are then left with the set 
{{a,P) e Vf3o \ Po < P < Pi} and we will divide this set into two sets 
dependent on a positive real 5 which we define by 



3(1 + diam^ + diamc) ' Pi 

and the sets become 

X ■= {{a, P) \ < a < 6 d.nd Po < p < pi} 

y := {{a, p) \ S < a and Po < p < pi and ap < 1} 

The results from Theorem 3.9 show that the usual Euclidian metric 
and the metric dist^ generate the same topology on the subset 3^, so 
this set is compact. For the set X we can look at the subset Z which 
we define by 

Z:^{{S,P)\Po<P<Pi} 
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Since Z is also a subset of 3^, it is compact for tlie quantum metric 
distq, by the result above, and we can find a finite number of points 
{(5, I i G J} in 2^ such that any point in Z is within distance 8 
from a point of the form (5, For any point («, iS) in X ^ we get from 
Theorem 4.6 that distq((a, (0,/3)) < ej'i and for suitable /^j we get 

dist,((a, /?), (5, A)) < dist,((a, (0, 

+dist,((0,/?), (5,/?)) + dist,((5,/?), (5, A)) < £, 

and the proposition follows. 

□ 

We will then look at the subsets of V such that a > cco- Here the 
situation is quite the opposite since these sets will be unbounded with 
respect to the quantum metric on V . To see this we fix a positive 7 < 1 
and we will study behavior of the metric along the hyperbola Ti-y := 
{(a, /9) G I a/3 = 7 }. We see that the seminorms corresponding to 
the points on are all proportional and for any positive real s we see 
from the Definition 2.6 ^ = sL^^i^ so the space is well understood 

along each of these curves. In particular, for the diameters we have 
diaiii(^/s),s = (diam^^i)/s, so for s < 1 and s decreasing to 0, we get 
immediately the following estimate. 

Proposition 5.2. For positive reals 7, s such that < 7 < 1 and 
< s < 1/7 : 

distg((Ar, L^^i), {Ar, L(^^/s),s)) > (l/2)(s"^ - l)diam^,i 

Proof. Let e > and let S := distg((Ar, -^7,1), (^r, -^(7/s),s))- For a pair 
of states, say 4>,ip on At such that d(^y/s),s{4>,'ip) > (diam^ i)/s — e/3 
we can find approximating states - with respect to {Ar,L^,i), - say 
and u on Ar such that 

(diam-^,i)/s - e/3 <dist (^/s),s{(f), V') 

<25 + 2e/3 + dist^,i(//, u) 
<2(5 + 2£/3 + diam^,i, 

and the proposition follows. □ 

For the vertical intervals {{a, f3) | < < a } we get that they are 
all unbounded with respect to this new metric. This follows easily 
from Proposition 4.4, and we will state it formally in the following 
proposition. 
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Proposition 5.3. For a fixed ao > there exists a positive 7 such that 



6. Applications to the compacts and an investigation of 



Right after the Definition 1.1 of the Toeplitz extension of a C*- 
algebra A, we remarked that it is debatable if the generahzed Toeplitz 
algebra should be defined as the C*-algebra generated by PA\PH alone 
or - as we have chosen - the one generated by this set plus the com- 
pacts. The difference is a trivial extension, but for the algebra C{H) 
it is a rather crucial difference, when this algebra is considered to be a 
trivial extension of the one dimensional C*-algebra C/. Our first exam- 
ple here shows that our construction offers a variety of spectral triples 
for the unitarized compacts. On the other hand, for the Podles sphere 
our construction gives an algebra which has more compacts than the 
universal C*-algebra for the Podles sphere has. If we just had used the 
C*-algebra generated by PA\PH, we would have obtained the right 
algebra here. 

Example 6.1. Let H he a separable infinite dimensional Hilbert space 

and let A := CI be the unital C*-algehra generated the unit I on H . 
Let D he an unbounded self-adjoint invertible operator on H with com- 
pact inverse and let the projection P := I. We now have a spectral 
triple {A,II,D) and a quadruple (^{A, H, D), P^ of Toeplitz type. Our 

construction will then give a C*-algehra T := C{II), a Hilbert space 
K :— H ® H and a representation nofTonKby 



You may notice that the part 1/aD has no effect, for this spectral 
triple and this leads to the following proposition which will yield many 

more spectral triples associated to C{H). 

Proposition 6.2. Based on the notation in the example above let T 
be an unbounded densely defined and closed operator on H. If \T\ is 



V/3 e]0, l/ao] : diam^o./j > j/P- 



Connes' 7 



axioms for this spectral triple. 




The Dirac operator then becomes 
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invertible with compact resolvent then for 

,0 T 
D ' 



T 

the set (\T\~^C{H)\T\~^ + CI,K,D) is a spectral triple associated to 
C{H). 

In the article [8] Connes lists 7 axioms for Non Commutative Geome- 
try. In the present case of a spectral triple associated to the unitarized 

compacts C{H) the dimension must be so the dimension is even 
and for the Dirac operator D the growth of the eigenvalues must be 
such that for any positive real s the operator (/ + D"^)'^^"^ is of trace 
class. There should also be a grading 7 and a conjugate linear operator 
J which relate in certain ways. We can provide candidates for these 
ingredients, which seem natural to us, but they will not fulfill all of 
Connes' axioms. We will therefore present the candidates for 7, J, 
check each of the axioms and show what sort of problems we are facing. 
We keep the notation from above in this section and define 

Definition 6.3. 

(D) Let T he a self-adjoint unbounded operator with trivial kernel, 
such that for any positive real s the operator \T\~'^ is of trace 
class, then the Dirac operator D is defined on H (B H by 

(7) The obvious choice for this unitary seems to be the unitary on 
H ® H, given by 



7 



/ 
-I 



(J) It is not so obvious what to choose here, since our setup is not 

the same as the one Connes clearly has in mind. In [8] Connes 
obtains the J operation from a standard representation of a self- 
adjoint algebra of hounded operators. This is not what we have 
here for C{II), but we have anyway a candidate for J which 
seems reasonable. First we define j : H ^ H by chasing an 
orthonormal basis for H consisting of eigenvectors for T. 
Then we define j on as and extend this to a conjugate 
linear isometry of H onto H. The choice for J is then given by 



J 



3 
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Remark that 



Jn{a* + XI)J 



(■ 



ja*j + XI 
XI 



so for any operators a + XI and b + /il the operators 7r(a + XI) 
and J7r(6* + p,I)J do commute. 

We will then look at the 7 axioms taken from [8] one by one, but first we 

will define the algebra A of smooth elements as the operators a e C (H) 
such that for 5{x) :— [\D\,x] we have for any a & A and any natural 
number m both 7r(a) and [D, 7r(a)] are in the domain of 5™. Inside this 
algebra A we have a norm dense subalgebra of operators of finite rank 
which we denote ^o- This algebra is defined via the orthonormal basis 
(^n), from above, consisting of eigenvectors for T. The algebra is 
then the linear span of the matrix units Uij :— (., 

(1) The operator is an infinitesimal of infinite order. This 
is fulfilled by the demand that \T\~^ is of trace class for any 
psoitive real s. 

(2) For any pair of elements a,b e A : [[D,7r{a)], J7r{b*)J] = 0. 
This demand can not be met, but we have - as in Dabrowski's 
paper [12] - Va, 6 e ^ : [[D,7r[a)], J7i{b*)J] eC{H®H). 

(3) Smoothness The smoothness axiom is fulfilled by the definition 
of the algebra A. 

(4, 5, 6) We can not show that the spectral triple we investigate fulfills 
any of these 3 axioms. We only have the grading 7 and it seems 
to be uniquely determined by its basic properties. 
(7) We have an operator J such that [7r(a), J7r(6*) J] = 0, but 7 
and J do not fit with the reality properties of the table in [8] 
p. 162. We get ^ I, JD ^ DJ, J7 = -7J. For n = the 
first two identities are as in the table, but the last one should 
have been J7 = 7J. 

We will now turn to the Podles sphere, C{Sg^), [25] and base the 
presentation here on Section 4 of that paper and on Chakraborty's 
description, [6], of a concrete faithful representation for this algebra. 
Chakraborty's purpose was to some extent the same as ours since he 
wanted to create a Lip-norm for the Podles sphere, based on the fact 
that this C*-algebra is an extension of the classical Toeplitz algebra by 
the compacts. In the latter presentation the parameter jj, from Podles 
paper is replaced by the letter q, which now seems to be standard, so 
we will use this notation. 
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For c,q reals such that c > and < |g| < 1 the Podles sphere, 
C{S^J is the universal C*-algbera generated by 2 operators A and B 
which satisfy the following relations: 

A = A*, BA = q^AB, B*B ^A-A^ + cI, BB* = q^A - q^I + cl. 

Let T(T) denote the classical Toeplitz algebra for the unit circle and 
let p : T(T) C(T) denote the canonical surjective homomorphism. 
All the algebras C{SgJ turns out to be isomorphic [29] and can be 
described by 

C{Sl) = {{x, y) e r(T) © T(T) | p{x) = p(y)}. 

By So we can see that C{Sg^) is an extension of the Toeplitz algebra 
by the compacts. 

Let us consider the standard spectral triple associated to the C*- 
algebra A of continuous functions on the unit circle. For the algebra 
A we can take the functions whose Fourier coefficients form rapidly 
decreasing sequences and the Dirac operator is 4^. As the Hilbert 
space H we take L'^{T) and the projection P is the projection onto 
the closed linear span of the eigen functions e***^, n > 0, corresponding 
to the positive eigen values. This is not the usual definition, where the 
constant function / usually is assumed to be in H^. This will not change 
the construction qualitatively but it will have the nice consequence, 
that the restriction of D to is invertible with a compact inverse. 
Finally we let H_ denote the orthogonal complement of in H. The 
quadruple {{A, H, D), P) is then of Toeplitz type and the Definition 1.8 
gives a spectral triple {A^, K, D^ ^) for the ordinary Toeplitz algebra. 
Recall that the Hilbert space K is given as i/+ © i/+ © so we can 
define a projection Q of K onto the first two summands and it follows 
from Definition 1.8,(v), that -Dq,/3 commutes with Q. By checking the 
same definition's point (iv) it can be seen that for any t in T(T) the 
commutator [7i{t), Q] is compact since it is nothing but the embedding 
of the operator [p{t), P] into B{K). In order to show, that we now have 
a quadruple of Toeplitz type in the set ((A^, 7^, Dq^^), Q), we then, 
according to Definition 1.2 only have to prove that D(^a,i3)Q '■= Da^plQK 
has trivial kernel, but this follows easily from the description of -Da,/? 
given in Definition 1.8 point (v) and the fact that Dp is assumed to 
be injective. As mentioned above wc will not consider the extended 
algebra as defined in Definition 1.1. Instead we will define 7r as the 
C*-algebra on © generated by Q7r{t)\QK. It is not difficult to 
see that this C*-algebra is exactly the one which above is described 
as the algebra C{Sg^). Our construction can give a family of spectral 
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triples associated to C{Sg^) + C{H^Q)H^), and let {Au, K^, Du) denote 
such a set. Then we are left with the problem to realize how the 
algebra relates to the sum C{Sg^ + C(i/+ © To deal with this 
question we first remark that by Definition 1.8 point (ii) any element 
in Att is a sum of an element related to a differentiable symbol and 
a differentiable compact. Consequently we only have to see how a 
differentiable compact, say C in C{H^ © H^)) behaves with respect 
to the splitting as a sum of a diagonal operator and an off diagonal 
operator, 

Q _ fu v\ _ fu 0\_|_/^0 V 



By Definition 1.8 point (i) the matrix above is a differentiable com- 
pact if and only if both of the products D(^a,i3)QC and CD(a.f3)Q are 
bounded and densely defined. In matrix forms these products are as 
seen below 

( PDpx PDpy 
^ia,P)Q^ [pDpu+^Dpx PDpv + ^Dpy 



_ f/3vDp PuDp + ^vDp\ 
CDia,m - ^(^yD^ p^Dp + lyDp) 



Prom here it follows that the products D(^a,i3)QC and CD(^a,p)Q ^-re 
bounded and densely defined if and only if all of the operators m, y 
belong to the algebra A^, as defined in Definition 1.8 point (i). This 
has the immediate consequence that if we replace A^ by A^t^ which we 
define by 

' 'a 0\ I fa O' 
rfj I lo d, 



Htd 



e Att 



then {Attd, Ku, Du) is a spectral triple associated to the universal C*- 
algebra for the Podles sphere. 

Remark 6.4. We have been asked by the referee, if there are some con- 
nections between our example of a spectral triple for the Podles sphere 
and the ones obtained in [10] and [11]. We have, but in vain, tried to 
answer this question, and it is our impression that there is no simple 
connection. 



7. Odd and even extensions an analytic K-homology 

Our constructions in this paper produce odd spectral triples and this 
seems not to be the right setup for algebras containing the compact 
operators. It is quite easy to produce an even spectral triple from 



EXTENSIONS AND DEGENERATIONS OF SPECTRAL TRIPLES 



39 



an odd one by doubling the representation and introduce the Dirac 
operator D on the Hilbert space K ® K which is given by 



D 



D 



The grading 7 is then given on K ® K hy 7(^, rj) :— —rj). We could 

have performed all our computations in this setting, but it would not 
give any new insights with respect to the metric properties we have been 
investigating in this article, so we have not pursued a presentation this 
way. 

Extensions of unital C*-algebras by the compacts as we do it here 
is described in Higson and Roe's book [16] Chapter 5. So according to 
that description an extension of the sort we are looking at corresponds 
to an element in the reduced analytic K-homology of the unital C*- 
algebra A. But our construction is only designed for projections P in 
the commutant of D. 
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